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I. CONVENTIONS, LATTICE AND DEFINITIONS
A. Original Graphene Lattice and Brillouin Zone

The original graphene lattice has the lattice wavevectors, in vector and complex notation (x/y components are the
real/imaginary part of the complex number):

a; = (a\/g,()) = aV3e0, ay = a(\/§/2,3/2) = a\/é(l/g’ \/5/2) — a\/3ei7/6 (1)

where a is the bond length. We now pick the unit cell. The origin of the unit cell (and by default the rotation of
the axis of the Moire later) is in the center of the hexagon. This means that the A and B sites in the lattice are at
position:

ta=ae™C tg=aqae /0 (2)
The BZ lattice vectors satisfy G; - a; = 2md;:
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The K point is then defined as the C3 symmetric point of the BZ:
2 2 5 1z
K = (=G1,0) = = = 4
(5G120) = 5 (Gr + 3G2) (1)

We now move to the Moire BZ and to the Moire Lattice. Employing complex number notation, we define the
difference in wavevectors between two layers

q1 = 2|K|Sin(0/2)e"™/?, qo = 2|K|Sin(0/2)e’"™/6, g5 = 2|K|Sin(0/2)et 1/ (5)

shown in Fig[??], where 6 is the rotation angle between two layesr.

B. Moire BZ for Bilayer

While the construction of the multi-layer BZ, where there are different angles is more complicated and will be
addressed later, we find that the twisted bilayer Moire Brillouin zone wavevectors are:

G = g2 — q1 = 2|K|sin(0/2)v3e™3 Gare = g3 — q1 = 2| K| sin(6/2)v/3e7/3 (6)
The bilayer Moire lattice vectors are then J\Z -G M; = 2705 ¢
4 . 47 .
M, = 7w /6. M, = illm/6 7
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From now on we will call A = 2|K|sin(0/2).
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II. NOTATIONS ON SYMMETRIES AND REPRESENTATIONS

We first specify the notations about symmetry and representations. If the Hamiltonian is symmetric under a group
operation, g, we have

H(gk) = Di(g9)H (k) Dy (g~ ), (8)

where Dy, the representation matrix of symmetry operator, in general depends on k. In general H (k) is not periodic
in k: it may change through a unitary transformation after a translation of reciprocal lattice, i.e.,

H(k+G)=VSH(k)VET (9)

Here V& is the “embedding matrix” [? | and it satisfies VE1V G2 = VG1+G2 and VO = . For symmorphic space
groups, we can always make Dy independent on k by properly choosing the embedding matrices. To be specific, for
tight-binding models we can define the Hamiltonian in momentum space as Hys gs' (k) = (Pask|H|Ppsk), where the
Bloch bases are |pqsk) = \/% > Ras €K BF)|aR +t,), such that the embedding matrices are V.G / , = 3,50, 5e 1Gt

as,Bs’
and the Dy’s are independent on k. Here « is the orbital label, R is the lattice vector, ts is the sublattice vector (the
position of the sites in the unit cell), and N is the number of unit cells in real space. In this gauge, adopted in the
rest of the paper, we sometimes omit the notation Dy (g) and replace it directly with g. When we write g acting on
Hamiltonian and wave function, i.e., gH (k)g~* and g|u), we mean it shorthand for Dy (g)H (k) Dy (g)~* and Dy (g)|u),
respectively.

Substituting Eq. (9) to Eq. (8), we get the following the identity

gVCGgl = V9G, (10)

For a high symmetry momentum k on the Brillouin Zone (BZ) boundary, which satisfies gk = k + G with G some
reciprocal lattice, we have

gH(k)g~! = VoK (k)Vok-ki, (11)

Using identity (10), it is direct to prove that the matrices V¥~ 9¥g, with gk = k (modulo a reciprocal lattice), form a
group commutting with H (k). Therefore, when we say the wave functions at k, |u,x), form a representation of the
symmetry g, we actually mean that

Vkigk9|unk> = Z |Umic) Simn (9)- (12)

Here S,,,,(g) is the corresponding representation matrix.

III. MOIRE BAND MODEL (MBM)
A. Twisted Layers of Graphene (TMLG): One-valley Moiré band model (MBM-1V)

We here present a detailed derivation of the band structure of the Moiré pattern in twisted M-layer (M € Z)
graphene, with emphasis on the symmetries of the system. When the twisting angle is small, a Moiré pattern is
formed by the interference of lattices from the M layers. The Moiré pattern has a very large length scale (or unit cell,
if commensurate). The low energy, close to half-filling band structure is formed only from the electron states around
the Dirac cones in each layer. A Moiré band theory describing such a state is built by the authors of Ref. [? |. In the
following, we refer to it as one-valley Moiré model (MBM-1V). Part of our analytical study, especially the topological
study, is mainly based on this model. Thus in this section, we give a review of the one-valley Moiré model and extend
it to M layers. In order to index the M layer angle, pick a reference layer, called layer 1 and index the angles of all
layers a from that layer 61, = 6,, a € (2...M).

We define the Bloch bases in the layer a as

1 ; a a
o) = o SR R ) (13
R(L



where @ = 1...M is the layer index, o = 1,2 is the sublattice index, t2 is the sublattice vector in layer a, R is
lattice vector in layer a, and |R®* + t%) is the Wannier state at site t% in lattice R*. The Bloch bases in any other
layer b =1... M can be obtained by rotating and shifting the Bloch basis in layer a

) T

®\ _ p
993) = Plov1a)

Here My, is a rotation (by an angle 6., = 0, — 6,) along the z axis, d is the translation from top layer to bottom
layer, Is{Mg‘d} =Y g, |Mp,, (R* +t2)) (R* 4 t%] is the corresponding rotation operator on wave-functions, R is the
lattice vector in the b layer, and t% is the sublattice vector in the bottom layer. It is easy to show that the intra-layer
single-particle first quantized Hamiltonians of the a and b layers are related by:

bb aa
Hy (p) = H5 (M;)p) (15)

Here H(*) is the a layer Hamiltonian and H®® is the b layer Hamiltonian.
We now derive the inter-layer coupling. First we Fourier transform the inter-layer hopping to real space:

Y (p,p') = < @ H‘ﬂb D >
_ ﬁ S iR R (R )R (R g | fT R+ ) (16)
ReR?Y

We follow Ref. [? | to adopt the tight-binding, two-center approximation, for the inter-layer hopping, i.e.,
(R* +t2| H [R" +t5) =t (R” +t% — R" — t})
1 . .. r
~ exp(—¢ (R*+t% —R" —t}) ) (17)

where r is a power, which for gaussian orbitals is 2. Other power-law terms can appear, but we here focus only on
the exponetial, hence the ~ equivalence. We now Fourier transform:

HRY 6RO th) = o IR (BRI ) (18)

Here q sums over all momenta in a chosen, reference layer BZ, G sums over all of that layer’s reciprocal lattices.
For reference, we can choose this layer to be layer 1, but this choice is of course arbitrary. and tq g is the Fourier
transformation of ¢ (r).

tSILb = /dQTHBi(T'FIIef%(T§b+7“ﬁ)T/2 (19)

where the integral is over the in-plane distance 7| and rq, = |a — b|d is the perpendicular distance between the layers
a and b.
Substituting this back into Eq. (20), we get

Hg;ib) (pa7pb) = Né‘Q ZRaRb Zq ZG tgz-c,ei(quG)'(RaHZ7Rb7tg)efi(RaHZ)'paH(Rng)'pb =

= 7o Crere Dq e 14 et (P’ =1=G) iR (0" —q=G) iltgp" ~15p" +a(t ~13) + G (15 ~15) (20)
We use
1 iR (pP—g—
NZGR(I) q G):Z(sq+c,pb+Gb (21)
Ry Gb

Where the second sum is over GP, the reciprocal lattice vector in the layer b which makes an angle 61, with layer 1.
In other words GP = My,, G’ where G’ is another vector in the reference layer BZ. Hence we can just sum over G’

to obtain:
1 iR (pb —g—
+ D e = NS G0 22
Ry G’

Similarly:



1 _iR%(p%—qg—
4 Ze R*(p"—q—G) _ Z(spa_q_GJ,—MlaG”,O (23)
Ra G/I

where G” is another vector in the reference layer BZ. We hence have:

(ab) (a . b) _ 1 ab
Hyy” (p%P") = 6 2y Xaar.an tala0pe —g— G+ MG ,00pb —q— G4 My, G20

i(thp —tap® +(p*+ M1y G’ —G) (15 —t3)+G (15 —t3)) —

et (thp" —tap +a(ts —t3)+G(ta—t5)) _

= Z tab (S 11 b 1€
GG Vb My G Opa+M1a G pb+ M1y, G

(0 b 48 (b N G (19—
= Y o Aty Ope 4 MG My € P P MG R))

_ ab (e p°—tip*+ M1, G’ (£ —t%)) _
- ZG”G” tp”JerbG’6P“+M1aG”,Pb+M15G’e Pl =

_ ab it (p"+ M1 G" — M1, G')—t2%p*+ M1, G' (£ —t%)) _
— ZG’,G” tpb+Mle’6PG+M1QG”>pb+M1bG’e B =

_ ab i(tS (M1 G —M1p G )+ M1y G (t4—t8)) _
*ZG/,GHtpb+M1bG/5pa+MmG”,pb+M1bG'6 « o BV =

_ Z ab it Mo G —t5 M1, G') _
= G’7G” tp”-‘,—Mle’5PO'+M1¢LG”,IJ[’+M1;JG’€ ( @ la B 1b ) e
_ ab i(ta G —tg G’

= 2 e Uy o Opo 4+ Mra G ph 4 My, 67 € ( &) (24)

where t,,tg are the hoppings in the reference layer (we have used t&M;,G” = (M1,) " t2G" = t,G"). We hence find:

(ab) (_a _b) _ § : ab i(ta G —t3 G’
Haﬁ (p P ) - tpaJrMmG”6PQ+M1aG”,Pb+M1bG’e (be ) (25)
G/7G//

where both G’ and G” are reciprocal lattice vectors in the reference layer. Since the hopping between layers decays
exponentially, we will only consider t* amplitudes between consecutive layers a = b+ 1 and we will call this tg.

In the MBM-1V, only the low energy electron states around Dirac cones are considered. Thus we approximate the
intra-layer Hamiltonian in the reference layer 1 as

HYY (K 4 0p) ~ vpdp - o (26)

H®) (MK + 0p) ~ vr (M, }6p) -0 ~ vpép - o (27)

Here §p is a small momentum deviation from the K point. In the bottom layer Hamiltonian, we perform a second
approximation and neglect the f-dependence of H(®?). We leave the discussion of the effect of this approximation for
appendix ?77.

The computations and approximations involved in H() are not so direct and need more discussion. First, in
Eq. (25), for small 6,,, we only need to consider the electron states around the Dirac cone in each layer, i.e., states
with momenta p, = M1,K + dp, and py, = MK + 6py (modulo a reciprocal lattice vector). tq depends only on
the magnitude of q and decays exponentially when |q| becomes larger than 1/d: tq o exp(—ca(|q|d)?Y), here d |
is the distance between two layers,. Fitting to data gives a ~ 0.13, and v =~ 1.25 [? |. Therefore we keep the
three largest relevant tpainr,, G terms as tar,,K+op,, (s My K+op.,> and tez ar,,Kop,, corresponding in Eq. (25)
to p = MK + 0pa and G” = 0, G” = C3.K — K, and G” = C3, K — K in Eq. (25), respectively (notice all
these vectors are in reference layer 1). With C3 symmetry, all these three terms are equal to w{2, and the inter-layer
coupling can be reformulated as

(aa+1) B o
Ha,@ (M1,K + 6pa; Mia 1K + 0pay1) = w Z OMy o K+6pa, Mias1K+6pasi+Miai1G'E itg
G/
ito (C3. K—K)—its-G’
+ 5C3ZM1aK+5pa, M1a+1K+5Pa+1+M1a+1G’€z a(Csz )—itg
ito (C2.K—K _itﬁ'G/
+ 6C§ZM1aK+5pa, Miq41K+0pas1+Miqsi1G'E a ( 3z ) (28)

Since dpq, 0Pat1, and My, 1K — M; (K (Va) are all small quantities compared with reciprocal lattice vector, only
the G” =0,C3,K — K, C:?ZK — K terms are nonzero in the first, second, and third term. We have also assumed that
only a,a 4+ 1 layer coupling takes place - the coupling between other layers is considered irrelevant. Therefore the
inter-layer Hamiltonian is:

Héaﬁa+1) (MlaK + 0Pa, M1a+1 K + 5pa+1) ~ w{(SMlu.K+6paa Mig1K+3par1 T

i(ta—ts)-(C3. K—K i(ta—tg) (C3, K—K
+ 503z1\/[1aK+5pa, M1a+ICSZK+6pa+1eZ( p)(Cs )+ 5C§ZM1QK+5PM M1a+1C§ZK+5Pa+1ez( (5 )} (29)



Since C3, commutes with any axis rotation, we can write:

H(MH) (M1,K + 6pa, Miq 1K + 0pay1) = w{55pa, 5Pat1+(Mias1—Mia)K

i(to—tg)-(Ca. K—K i(ta—tp) (C2.K—K
+ 55Pa7 6Pa+1+c3z(M1a+1_Mla)Kel( 8)-(Cs )+ 56pa, 5pa+1+C§z(M1a+1fM1a)KeZ( 8 ( 3 )} (30)

In order to restore the general hopping between two layers (not only consecutive layer hopping, all one needs to do is
make the substitution a +1 — b w — t%).

We now make one further approximation

1. Small angle approximation (Mia4+1 — Mis) = Mat14

We hence have that the Hamiltonian can be finally written as

H(aa+1) (Ml K+ dpq, Mig1 K+ 5pa+1) ~ w{é(;pm SPat1+May1 oK

) e e N2 e
+ 65Pa7 5pa+1+03z(Ma+1,a)Kel(ta7tB)I(C3ZK7K) + 55pa, 5pa+1+C§z(1V1a+1,a)KeZ(tn bs) (03ZK K)} (31)

w

war1 Ty (32)

0Pa,6Pa+1+q;

Hc(y%aﬂ) ~w Z 0
j:

where q}’ atl — wat1K, 93’ atl — o 3.4 atl qs’ ot — =C3,q5 atl (Fig. 7?), and
Ty =00+ 0y (33)
2 2
Ty = 0g + cos (;) oz + sin <37r) oy (34)
2 2
T3 = 0g + cos (;) 05 — sin <;) ay (35)

The general form of this expression, for layers ab is

3
(ab) ., ab
Ha% ~w 26

3Pa,oPy+a;’ bT (36)
j=1
where % = MK, q% = Cs.q*, = (C5.q%". The full Hamiltonian can be written as:
3
ab a
H.™) (0pa, 0py) = 00D - 00y, p, +w™ > 05 o o WT3 (37)
=1

Notice that while we have the Hamiltonian, we have not yet worked out its symmetry properties, nor the Bloch
translation properties.

B. Two Layers in 2D

We review here the two-layer example, where there is only one set of g;. To write the Hamiltonian in more compact
form, hereafter we re-label dp, as k — Q, and dp, as k — Q’. Q and Q' take value in the hexagonal lattice formed by
adding qi 2,3 iteratively (Fig. ??(b)) with integer coefficients. There are two types of Q’s, denoted as black and red
circles respectively, one for the top layer states and the other for the bottom layer states. Then, the Moiré Hamiltonian
can be written as

3
HYGM ) (k) = dqqur (k- Q) -0 +w Y (ba-qa; +9q-aq;) T (38)
j=1



Such a Hamiltonian, when an infinite number of Q, Q' are included, is periodic in momentum space: it keeps invariant
(up to a unitary transformation) under a translation of by = q; — q3 or by = q2 — qs:

HMBM=1V(y | 1y — pbi HMBM—lV(k)VbiT’ (39)

where ¢ = 1,2, and V&Q, = 0Q,q+G is the embedding matrix. Thus b;—; 2 can be thought as Moiré reciprocal bases,
and a Moiré BZ can then be defined, as shown Fig. ??(b). An important property of this Hamiltonian is that, up to
a scaling constant, it depends on a single parameter

3
(MBM—1V) 1\ _ cA L o j
Hoq (k) = ”FkD{5QQ’ (k-Q)-o+a), (5Q’—Q7dj + 5Q—Qofu) T]} (40)
i=1
Here kp = |MpK — K| = 2 |K|sin  is the distance between the top layer Dirac cone and the bottom layer Dirac cone

(Fig. ??(a)), k = k/kp, Q = Q/kp, @; = q;/kp are dimensionless momenta, and o = o= 1s the single parameter
that the Hamiltonian depends on.

C. Symmetries

Then the momentum lattice in the layers is given by Q1, Q2 which run over (the origin of our system of coordinates
is in layer 1)

Q1 :m1by +noba; Q2 :niby +n2be +qi, ni,ne €7 (41)
With these vectors, we can write the momentum in the 3 layers:
opr=k—Q1; dp2=k—0Q2 Jdps=k—-Qs (42)
We now derive the important equations

e Hamiltonian:

HE 0, (k) = (F = Q) - Fagdmn +w"" D T2, 560,,Qu—qp» (43)
J

e Bloch Periodicity

H(k—b;) =ViHE)V", VS o =6q..quic (44)

. b1, bs can be thought of as reciprocal lattice vectors. We hence have a Bloch periodicity and a Brillouin Zone
with reciprocal lattice vectors by, by

e (3, symmetry:

Using the properties (our rotations are counter-clockwise) in both spin and lattice coordinates

(45)

’ C3. = exp(i27/35.)0Q,,.C5.Qn

where we notice that if @,,, belongs to one layer, Cs,@Q,, belongs to the same layer (Cs, rotation does not change
layer. We clearly notice the defining group properties.)

C3.=1; Cs.C =1 (46)

C3.TiCl, = Tjr1; (Tu=T1); Csu(k-G)CY, = (Cs.k) 05 Cagy = gjn (47)



We are ready to obtain the Hamiltonian transformation:

ngH(k')ng = (Cs.H(k )C3Z)Q Qp —
= 60,050 (Cazk — C3:Q1m) - Fapdmnda, 0s.@n + 00,05 uw™ > T2 H 06, @u a7 00, 0.0 =
= (Cs.k — Q) - Gapbrp + WP 32, TJH 50051 Qu.ColQp—a" =
= (Cs:k — Q) - Gapbpp + w3, T, 0051QrClQp—ai?, =
= (ngE Qr) Gapdrp +w'P Z o B Csz QrC3l Qp—C3ita? =

—

= (Cs:k — @r) * Gaplbrp +wP S, T 160, 0, - g = H(Cs.k)e o, = | H(Cizk) (48)

In going from the first to second layer we used the fact that if @, is in a certain layer, so is C3,Q,, and hence
Qr
o (5, symmetry:

We pick a center of rotation that runs between the two layers. As such, the rotation sends layer 1 into 2 and
viceversa,

Cop 1 Q14 @3, Q24> Q2 (49)
Cor:qi = —q1, G2 = —q3, 43— —q2 (50)
The symmetry operator is:
Cow = 0400,,,Conn b C3y = C2uCh, =1 (51)
The o, acts on the T matrices as:
CorT1Ch, =Ty,  CouToCl, =Ts, Co,T3CL, = To, (52)

We are ready to obtain the Hamiltonian transformation:

Con H(K)CY, | = (Con H(K)CS,) & o, =
= 00,.Ca0Qm (Cock — C2u@Qm) - Fapdmnda,.Carq, +
+0Q,,C20@n W (T3 50Qm.Qu—apm + T3 50Qum.Qu-az + T2 50Q 0 .Qu—a1)0Q,.C20Qn =
= (Cauk — Q1) - Gapbyrp + (53)
+0Q,.02.Qn 0" (Ta 8010, 051 0p—arn T Tas0csi 005t u-apn + Tap0051Q, 050 Qp—apn 9@y Cov@u =

= H(Ca:k)glq, = m

In order to check that this is true (and it is) we will need to check the above equation term by term. The
diagonal part is obviously true, we only need to check the hopping part; We introduce the notation m = Cz;lr
for the indices of @, Q,, etc:

5021_ Q’f aCQJ, Q m")(SvaCQ—ch

1
5QT,CQZQmU’ (T, 55c21 QrClQp—gm +T 50% Qr.Cay Qp—ay™ +T
= wC O (T 56 remty +Ta g0 togte T 1o sineztn)(54)

_ _ C. A
CQT QTvCQT Qp—aq; QT C2:r QT?C2T Qp— ‘1 2 czleerulQp_q:; 2 2



o (5, T Symmetry.

This symmetry does nothing to the wavevectors g; or lattices (), and hence is represented diagonally in @) space.
In spin space, it takes Complex conjugates, but then acts with another spin matrix so as to get back to the
same Hamiltonian. This pins the summetry to be

CoT = 0200, 0. K (55)

where K is the complex conjugation. We find that
Co. TITTCL, =T1,  Co.TITTCL, = To, Co.TITTCL, = T3 (56)
and

(Co.T)? =1 (57)

The proof is:

Co-TH(R)T'CL, |= (Co- TH(R)TTCL)e =

= 6Q7~,Qm (k - Qm) : 6&56mn6Qp7Qn + 6Q7‘7an wmn* Z] T(‘)Y;“B(SQm;Qn_Q;nn 6Qp7Qn =
— H(k)gf% =| H(k) (58)

iff

Remember that 7 acts only as complex conjugation on H (k) in the above. All rotations of momenta here are
with respect to the I' point of the Moire BZ.
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